We theoretically investigate the magnetic-field and current distributions for coplanar superconducting strips with slits in an applied magnetic field H a . We consider ideal strips with no bulk pinning and calculate the hysteretic behavior of the magnetic moment m y as a function of H a due solely to geometrical edge barriers. We find that the m y -H a curves are strongly affected by the slits. In an ascending field, the m y -H a curves exhibit kink or peak structures, because the slits prevent penetration of magnetic flux. In a descending field, m y becomes positive, because magnetic flux is trapped in the slits, in contrast to the behavior of a single strip without slits, for which m y Ϸ0.
I. INTRODUCTION
Superconducting flat strips subjected to a perpendicular magnetic field show magnetic hysteresis, even when the strips have no bulk pinning. The magnetic hysteresis of strips without bulk pinning arises from geometrical edge barriers, i.e., barriers for magnetic-flux penetration at the strip edges.
1-6 Current-carrying strips have finite critical currents arising from the edge barriers, 7 and the critical current becomes larger when slits are fabricated near the edges of the strips. 8 The critical-current increase is due to the enhancement of edge-barrier effects; in other words, making slits increases the number of edges that prevent flux penetration into the inner strips. The reversible magnetic response of two strips ͑i.e., a strip with a slit͒ in the Meissner state was considered in Refs. 9 and 10. When an applied magnetic field exceeds a certain value, magnetic flux penetrates into the strips and the magnetic response becomes irreversible and hysteretic. 9 In this paper, we present a theoretical investigation of the magnetic hysteresis of bulk-pinning-free strips with slits in the presence of an applied magnetic field H a . The hysteretic behavior of the magnetic moment m y as a function of H a shown in this paper is due solely to the geometrical edge barriers. In Sec. II we outline our theoretical approach and establish notation. In Sec. III we briefly review published results of the m y -H a curves of a single strip without slits. In Sec. IV we investigate field distributions and m y -H a curves of two strips ͑i.e., a strip with a slit͒, and in Sec. V we study three strips ͑i.e., a strip with two slits͒. We briefly summarize our results in Sec. VI.
II. COMPLEX FIELD AND MAGNETIC MOMENT
We investigate coplanar superconducting strips ͑i.e., strips in which slits are fabricated parallel to the edges͒ in a perpendicular magnetic field but carrying no net transport current. The strips under consideration have total width 2a, thickness dӶ2a, and infinite length along the z axis ͑i.e., ͉x͉Ͻa and ͉y͉Ͻd/2), as shown in Fig. 1 . We assume that magnetic flux penetrates and escapes along the x axis, assuming that there is no flux penetration from the ends at ͉z͉ →ϱ. ͑We may think of the strip ends as being connected by superconducting shunts.͒
The Biot-Savart law for the complex field 3,8,10,11 H() ϭH y (x,y)ϩiH x (x,y) as a function of ϭxϩiy in the thinstrip limit d/a→0 is expressed as
where I z ϭ͐ Ϫa ϩa dxK z (x) is the transport current along the z axis and m y ϭ͐ Ϫa ϩa dx(Ϫx)K z (x) is the magnetic moment in the y direction per unit length. In this paper we consider the hysteretic relationship between m y and H a of strips carrying no net current (I z ϭ0).
The complex field for symmetrically arranged strips has the general form ͓e.g., Eqs. ͑6͒, ͑14͒, and ͑34͔͒
ϳmax(d,⌳).
For a single strip, the field-evolution process proceeds in four steps, as shown in Fig. 2 : step ͑0͒ for 0ϽH a↑ ϽH 0 , step ͑i͒ for H 0 ϽH a↑ ϽH irr , step ͑ii͒ for H a ϾH irr , and step ͑iii͒ for 0ϽH a↓ ϽH irr . Details of the field-evolution steps are described in the following Secs. III B and III C.
B. Single strip in an ascending field
Step (0) for 0ϽH a↑ ϽH 0 . When a magnetic field H a is increased after zero-field cooling, the superconducting strips are initially in the Meissner state. The magnetic field at the edges is less than the flux-entry field H s ͓i.e., H y (a ϩ ,0) ϽH s ], and the edge barriers near xӍϮa prevent penetration of magnetic flux. In this step ͑0͒, the parameter in Eq. ͑6͒ is ␣ϭ0, and the magnetic moment is given by m y /ϭϪH a a 2 . ͑8͒
Magnetic flux cannot penetrate into the strips so long as H y (a ϩ ,0)ϽH s for H a ϽH 0 , but step ͑0͒ terminates when H y (a ϩ ,0)ϭH s at H a ϭH 0 ,
where the second equality is valid for ␦/aӶ1.
Step Step ͑i͒ terminates when ␣ 1 ϭa Ϫ at H a ϭH irr , where
Step (ii) for H a ϾH irr . The domelike distribution of magnetic flux expands to include almost all of the strip, and the strip's magnetic response is reversible for H a ϾH irr . The edge field at H a ϭH irr is given by H y (a ϩ ,0)ӍH s .
C. Single strip in a descending field
Step (iii) for 0ϽH a↓ ϽH irr . In a descending field, magnetic flux escapes from the strip, but a domelike distribution of magnetic flux remains in the strip. The detailed behavior of the field distributions and m y in descending fields depends upon the treatment of edges of a strip. [3] [4] [5] Here we adopt a simple model and put ␣ϭa Ϫ , which results in a domelike distribution of magnetic flux for ͉x͉Ͻa Ϫ and a small but sharply peaked current density flowing in the vicinity of the edges, a Ϫ Ͻ͉x͉Ͻa. The magnetic moment is given by
which qualitatively agrees with that predicted by more detailed investigations. [3] [4] [5] Note that m y takes a very small negative value ͑i.e., 0 ϽϪm y ӶH s a 2 ), because a single strip cannot trap any magnetic flux in a descending field. Geometric edge barriers in a single strip without slits do not prevent escape of magnetic flux. At H a ϭ0 magnetic flux is entirely removed from a single strip, resulting in zero remanent magnetic moment m y ϭ0 at H a↓ ϭ0. For strips with slits, on the other hand, magnetic flux is trapped in the slits, and m y becomes positive in descending fields, as we show in Secs. IV and V.
IV. TWO STRIPS "STRIPS WITH A SLIT…

A. Complex field for two strips
In this section we consider two strips ͑i.e., a strip with a single slit͒ of total width 2a, as shown in Fig. 1͑b͒ . The superconducting strips are at bϽ͉x͉Ͻa, and the slit is centered between the strips ͉x͉Ͻb. We assume that the two strips are connected at the ends (͉z͉→ϱ) by superconducting shunts, such that an applied magnetic field H a induces a circulating current in the two strips ͐ Ϫa Ϫb K z dxϭϪ͐ ϩb ϩa K z dx 0. General expressions for the complex field and the magnetic moment per unit length for two strips are given by 10 H͑ ͒ϭH a ͱ
In this section we use parameters a Ϯ ϭaϮ␦ and b Ϯ ϭbϮ␦ ͓where ␦ϳmax(d,⌳)], and define the function f 2 (x)ϭ(x 2 Ϫa 2 )(x 2 Ϫb 2 ) for convenience. For two strips, the field-evolution process proceeds in seven steps, as shown in Fig. 3 : step ͑0͒ for 0ϽH a↑ ϽH 0 , step ͑i͒ for H 0 ϽH a↑ ϽH 1 , step ͑ii͒ for H 1 ϽH a↑ ϽH irr , step ͑iii͒ for H a ϾH irr , step ͑iv͒ for H 4 ϽH a↓ ϽH irr , step ͑v͒ for H 5 ϽH a↓ ϽH 4 , and step ͑vi͒ for ϪH 1 ϽH a↓ ϽH 5 . Details of the field-evolution steps are described in the following Secs. IV B and IV C.
B. Two strips in an ascending field
Step (0) for 0ϽH a↑ ϽH 0 . When a magnetic field H a is applied after zero-field cooling, the superconducting strips are initially in the Meissner state. The magnetic fields at the edges are less than the flux-entry field 0ϽϪH y (b Ϫ ,0) ϽH y (a ϩ ,0)ϽH s and no magnetic flux penetrates into the strips. Figure 4͑a͒ shows distributions of the perpendicular field H y (x,0) and current K z (x)/2ϭϯH x (x,Ϯ0) in step ͑0͒. The parameters in Eq. ͑14͒ are given by ␣ϭ␤ϭ␣ 0 Ͻb. Because the total magnetic flux in the slit is zero, ͐ Ϫb ϩb H y (x,0)dxϭ0, the parameter ␣ 0 is determined as
where K(k) and E(k) are the complete elliptic integrals of the first and second kind, respectively. The magnetic moment is given by
Step ͑0͒ terminates when H y (a ϩ ,0)ϭH s at H a ϭH 0 , where
Step ( 
The magnetic moment m y is given by
Step ͑i͒ terminates when ␣ 1 ϭb ϩ at H a ϭH 1 , where
The field distribution at H a ϭH 1 is shown in Fig. 4͑b͒ .
Step (ii) for H 1 ϽH a↑ ϽH irr . During this step, magnetic flux penetrates from xϭϮa, because H y (a ϩ ,0)ϭH s . Domelike distributions of magnetic flux appear in the strips at b ϩ Ͻ͉x͉Ͻ␣ 2 ͓Fig. 4͑c͔͒, and grow as H a increases. Magnetic flux simultaneously exits the superconducting strips at xϭϮb and enters the slit. Current spikes occur near xӍϮb in Fig. 4͑c͒ because a finite current K z 0 flows in the vicinity of the inner edges, bϽ͉x͉Ͻb ϩ , whereas K z ϭ0 for b ϩ Ͻ͉x͉Ͻ␣ 2 . In our theory, such current spikes, which produce wiggles in the local magnetic field distribution, always occur where magnetic flux is exiting from a dome in a superconducting strip.
The parameters are given by ␣ϭ␣ 2 and ␤ϭb ϩ , where ␣ 2 is determined by H y (a ϩ ,0)ϭH s ,
͑22͒
Step ͑ii͒ terminates when ␣ 2 ϭa Ϫ at the irreversibility field H a ϭH irr ӍH s /ͱ2, when domelike flux distributions essentially fill the strips. The domes occupy the regions b ϩ Ͻ͉x͉Ͻa Ϫ .
Step (iii) for H a ϾH irr . When H a ϭH irr , domelike flux distributions fill the regions b ϩ Ͻ͉x͉Ͻa Ϫ , and the magnetic response becomes reversible. At H a ӍH irr , the magnetic fields at the strip edges are H y (a ϩ ,0)ӍH y (b Ϫ ,0)ӍH s , and the parameters are given by ␣ϭa Ϫ and ␤ϭb ϩ . The magnetic moment m y , which is due to currents flowing in the narrow regions near the edges (bϽ͉x͉Ͻb ϩ and a Ϫ Ͻ͉x͉ Ͻa), is given by
When H a ϾH irr , the magnitude of m y is reduced below that given in Eq. ͑24͒, because the current-carrying regions near the edges become narrower. However, a more detailed theory beyond the scope of the present approach would be required to calculate m y for H a ϾH irr .
C. Two strips in a descending field
Step (iv) for H 4 ϽH a↓ ϽH irr . If the applied field H a has been above H irr and now decreases through H irr , magnetic flux is expelled from the slit and penetrates into the strips from the inner edge at xϭϮb, because the inner-edge field H y (b Ϫ ,0) is equal to the flux-entry field H s . Magnetic flux in the strips escapes from the outer edges at xϭϮa. The domelike flux distributions at ␤ 4 Ͻ͉x͉Ͻa Ϫ shrink as H a decreases ͓Fig. 4͑d͔͒. Current spikes occur near xӍϮa in Fig.  4͑d͒ because a finite current K z 0 flows in the vicinity of the outer edges, a Ϫ Ͻ͉x͉Ͻa, whereas K z ϭ0 at ␤ 4 Ͻ͉x͉ Ͻa Ϫ . The parameters are given by ␣ϭa Ϫ and ␤ϭ␤ 4 , where ␤ 4 is determined by H y (b Ϫ ,0) 
͑25͒
Step ͑iv͒ terminates and the domelike field distributions in the strips disappear when ␤ 4 ϭa Ϫ at H a ϭH 4 ͓Fig. 4͑e͔͒, where
Step (v) for H 5 ϽH a↓ ϽH 4 . During this step, positive magnetic flux exits from the slit, penetrates into the strips from the inner edges at xϭϮb, flows outward entirely across the strips, and annihilates at the outer edges (x ϭϮa), where H y (a ϩ ,0)Ͻ0. The field distribution is shown in Fig. 4͑f͒ .
The Even when H a Ͻ0, positive magnetic flux is still trapped in the slit, and the magnetic moment is positive.
Step ͑v͒ terminates when H y (a ϩ ,0)ϭϪH s at H a ϭH 5 Ͻ0,
Step (vi) for ϪH 1 ϽH a↓ ϽH 5 . During this step, negative magnetic flux ͑i.e., flux lines aligned along the Ϫy axis͒ penetrates into the strips from the outer edges (xϭϮa), flows inward entirely across the strips, and annihilates at the inner edges (xϭϮb), where H y (b Ϫ ,0)Ͼ0. The parameter ␣ϭ␤ϭ␣ 6 is determined by H y (a ϩ ,0) Figure 5 shows hysteretic m y versus H a curves for two strips. In ascending fields H a↑ , the sheet current K z (x) concentrates near the outer edges of the strips at xӍϮa ͓Figs. 4͑b͒ and 4͑c͔͒, and therefore, even for large b/a, the m y for two strips is almost the same as that for a single strip except at low fields, H a /H s Շ0.2.
D. Magnetization curves of two strips
In descending magnetic fields H a↓ , we see in Fig. 5 a striking difference between m y Ͼ0 for two strips and m y Ϸ0 ͑i.e., 0ϽϪm y ӶH s a 2 ) for a single strip. The inner edges of the two strips at xϭϮb are responsible for the large positive magnetic moment. The edge barriers near xϭϮb prevent magnetic-flux penetration from the slit region ͉x͉Ͻb into the superconducting region bϽ͉x͉Ͻa. Magnetic flux is therefore trapped in the slit as shown in Figs. 4͑d͒-4͑f͒ , and the magnetic moment becomes positive (m y Ͼ0).
The remanent magnetic moment m rem is given by Eq. ͑29͒ with H a ϭ0, Ͻ1/ͱ3, because the slit can trap a larger amount of magnetic flux. If the slit is too wide, however, m rem decreases for 1/ͱ3Ͻb/aϽ1, because the superconducting strips ͑i.e., the current-carrying region͒ become too narrow. A similar behavior occurs for the peak of the magnetic moment m peak , which occurs at H a ϭH 5 . Equations ͑29͒ and ͑30͒ yield
which is maximized when b/aϷ0.403.
V. THREE STRIPS "STRIPS WITH TWO SLITS…
A. Complex field for three strips
In this section we consider three strips ͑i.e., strips with two slits͒ of total width 2a, as shown in Fig. 1͑c͒ . The outer strips are at bϽ͉x͉Ͻa, the inner strip is at ͉x͉Ͻc, and the slits are at cϽ͉x͉Ͻb. The strips are connected at the ends, ͉z͉→ϱ, so that a circulating current flows in the outer strips, ͐ Ϫa Ϫb K z dxϭϪ͐ ϩb ϩa K z dx 0. The inner strip carries no net current, ͐ Ϫc ϩc K z dxϭ0. The general expressions for the complex field and the magnetic moment per unit length for three strips are
In this section we use parameters a Ϯ ϭaϮ␦, b Ϯ ϭbϮ␦, and c Ϯ ϭcϮ␦, where ␦ϳmax(d,⌳). We also define a func-
Ϫc 2 ) for convenience. For three strips, the field-evolution process proceeds in ten steps, as shown in Fig. 6 : step ͑0͒ for 0ϽH a↑ ϽH 0 , step Details of the field-evolution steps are described in the following Secs. V B and V C.
B. Three strips in an ascending field
Step (0) for 0ϽH a↑ ϽH 0 . When a magnetic field H a is applied after zero-field cooling ͓step ͑0͔͒, the superconducting strips are initially in the Meissner state. Figure 7͑a͒ shows the distributions of H y (x,0) and K z (x)/2ϭϯH x (x, Ϯ0). The parameters in Eq. ͑34͒ are ␣ϭ␤ϭ␣ 0 and ␥ϭ0, where cϽ␣ 0 Ͻb. Because the net magnetic flux in the slits is zero, ͐ c b H y (x,0)dxϭ0, we find that
The magnetic moment is
Step (i) for H 0 ϽH a↑ Ͻ(H 1A or H 1B ). In this step, magnetic flux nucleates at the outer edges, xϭϮa, flows inward across the outer strips, and penetrates into the slits; that is, H y (a ϩ ,0)ϭH s and ͐ c b H y (x,0)dxϾ0. However, no magnetic flux penetrates into the inner strip because H y (c ϩ ,0)ϽH s . The parameters are given by ␣ϭ␤ϭ␣ 1 and ␥ϭ0, where c Ͻ␣ 1 Ͻb ϩ . The value of ␣ 1 is determined from H y (a ϩ ,0)
͑40͒
The sign of dm y /dH a ϭ(a 2 Ϫb 2 Ϫc 2 ) can be either positive or negative, depending upon the relative widths of the strips.
Step 
The magnetic moment is given by
Step ͑viii͒ terminates when ␤ 8 ϭc Ϫ at H a ϭH 8 Ͻ0, where
At H a ϭH 8 , no magnetic flux is present in either the inner or outer strips.
Step (ix) for ϪH 1 ϽH a↓ ϽH 8 Ͻ0. During this step, no magnetic flux is present in the strips, and the parameters are given by ␣ϭ0 and ␤ϭ␥ϭ␤ 9 . The parameter ␤ 9 , determined by H y (a ϩ ,0)ϭϪH s , is given by ␤ 9 (H a )ϭ␣ 1 (ϪH a ), where ␣ 1 is defined in Eq. ͑39͒.
Behavior for H a↓ ϽϪH 1 Ͻ0. The magnetic response of two strips for H a↓ ϽϪH 1 in a descending field is very similar to that for H a↑ ϾH 1 in an ascending field. The complex field and magnetic moment as functions of the applied field can be determined with the help of the symmetries H(,H a↓ )ϭϪH(,ϪH a↑ ) and m y (H a↓ )ϭϪm y (ϪH a↑ ), respectively. Figure 8 shows hysteretic m y -H a curves for three strips. In ascending magnetic fields at H a↑ ϭ(H 2A or H 2B ), the m y -H a curves of three strips have additional kinks ͓see arrow in Fig. 8͑a͔͒ or peaks ͓see arrow in Fig. 8͑b͔͒ . Such kink or peak structures do not appear in the m y -H a curves for a single strip or two strips. They arise in three strips because the the edge barrier at the edges of the center strip (x ӍϮc) impede the entry of magnetic flux. In descending fields H a↓ , on the other hand, the m y -H a curves for three strips are almost the same as those for two strips; the similarity occurs because the edges of the center strip do not impede the exit of magnetic flux.
D. Magnetization curves of three strips
In three strips, the edge barriers near xӍϮa and Ϯc are effective in preventing the entry of magnetic flux in H a↑ , but are not effective in stopping the exit of magnetic flux in H a↓ . On the other hand, while the edges at xӍϮb do not impede entering magnetic flux in H a↑ , the edge barriers there are responsible for impeding flux exit in H a↓ .
VI. CONCLUSION
We investigated field distributions and the magnetic moment m y of bulk-pinning-free strips with slits in applied magnetic fields H a , and we studied these in detail for increasing fields H a↑ and decreasing fields H a↓ . For two strips, the complex field and the magnetic moment are given by Eqs. ͑14͒ and ͑15͒, respectively. The field-evolution process proceeds in seven steps, as shown in Fig. 3 . In decreasing fields H a↓ , the edge barriers near the inner edges at x ӍϮb impede the exit of magnetic flux from the slit at ͉x͉ Ͻb into the strip at bϽ͉x͉Ͻa. The trapping of magnetic flux in the slit in H a↓ results in a positive remanent magnetic moment, m y Ͼ0 at H a↓ ϭ0, rather than a zero remanent moment, which occurs for a single strip without slits. For two strips, the remanent magnetic moment at H a↓ ϭ0 is maximized when b/aϭ1/ͱ3.
For three strips ͑i.e., strips at ͉x͉Ͻc and bϽ͉x͉Ͻa), the complex field and the magnetic moment are given by Eqs. ͑34͒ and ͑35͒, respectively. The field-evolution process proceeds in ten steps, as shown in Fig. 6 . The edge barriers at xӍϮb in H a↓ are effective in trapping magnetic flux as in two strips. In the thin-strip limit d/a→0, the remanent magnetic moment for three strips at H a↓ ϭ0 is the same as for two strips. In H a↑ , the edge barriers at xӍϮc impede the penetration of magnetic flux into the inner strip. As a consequence, the m y of three strips in H a↑ exhibits kink or peak structures that are not present for two strips.
The above arguments for three strips can be extended to an arbitrary number of strips. Consider a symmetric array of 
